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QUESTION 1

a.) A 50 Hz signal (1 p.u. amplitude) with an interfering tone at 600 Hz (0.2 p.u. amplitude) is sampled
at 1 kHz. Sketch the expected spectrum in Figure 1 and briefly explain any phenomena present.

Solution. The 600 Hz tone will appear at Fs−600 = 400 Hz because the frequency of the interfering
tone exceeds the Nyquist limit of Fs/2. The negative image of the spectral copy centered around Fs

will overlap with the positive image of the spectral copy centered around 0 Hz. This is an example of
aliasing.
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Figure 1: Frequency spectrum
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b.) Considering the discrete spectrum (ignoring any post-processing techniques, like IpDFT), provide an
example of a scenario where

(i) the Rectangular window outperforms the Hanning window:
Solution. The Rectangular window will allow the observer to better distinguish multiple tones
that are close to each other in the frequency spectrum due to the narrow main lobe of the window.

(ii) the Hanning window outperforms the Rectangular window:
Solution. Thanks to the lower sidebands, the Hanning window will better attenuate spectral
leakage caused by incoherent sampling of any frequency tones.

c.) Given a 52 Hz signal, choose a window length and windowing function for analysis with DFT. Justify
your choice and describe the effect on the spectrum.

Solution. There are several possible options that could yield acceptable results in this scenario:

1. The window could be selected to contain an integer multiple of cycles of the fundamental tone
(K ∗ 1/f0) to ensure coherent sampling. Rectangular or Hanning window would yield equivalent
results in this case.

2. If a standard 60 ms window is used, there will be spectral leakage due to the incoherent sampling
of the signal. This could be minimized using a special windowing function, i.e., the Hann window.

3. A very large window could be selected to reduce the frequency resolution, ensuring that the true
frequency is close to a frequency bin. However, unless the signal is coherently sampled there will still
be spectral leakage which can be attenuated by the Hanning windowing function. Note that a large
window will increase the latency and computational complexity of the algorithm in a PMU and the
stationary waveform assumption is less likely to be valid for long observation windows.

d.) A 52 Hz signal is now analyzed with a 60 ms window using IpDFT. What is the sign of the fractional
correction coefficient δ? Explain your reasoning.

Solution. ∆f = 16.67 Hz and therefore the maximum bin is located at k = 3 (50 Hz) and the next
largest bin is located at k = 4 (66.66 Hz). The correction coefficient will then be positive.

**With the information provided, we must assume that an appropriate windowing function is used
such that the spectral leakage from the negative image is not enough to significantly corrupt the bins
and change the sign. Furthermore, since the true frequency is further from DC than in the case of Q1
(Exam 2021), even using the rectangular window will likely yield the correct sign.
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QUESTION 2

A sinusoid at f0 = 50 Hz is analyzed by two PMUs. Both PMUs receive a GPS signal that triggers the
reporting of the phasor estimate at a rate of Fr = 50 fps (frames per second). Both PMUs process a window
of N = 600 samples for IpDFT calculations.

a.) Based on the provided reporting rate and the UTC absolute time, sketch the subPPS square wave with
the rising edge corresponding to the reporting trigger in Figure 2 .

b.) PMU 1 has a base clock that is perfectly synchronized to UTC absolute time and a sampling frequency
of Fs,1 = 10 kHz. What is the sampling period Ts,1 and window length Tw,1 of PMU 1? Draw 5
consecutive windows in Figure 2 (starting with the first fully visible window).

Solution. Ts,1 = 100 µs, Tw,1 = 60 ms.

c.) The base clock of PMU 2 has an offset frequency, such that its true sampling frequency is Fs,2 =
9.23 kHz. What is the sampling period Ts,2 and window length Tw,2 of PMU 2? Draw 5 consecutive
windows in Figure 2 (starting with the first fully visible window).

Solution. Ts,2 = 108.34 µs, Tw,2 = N/Fs,2 = 65 ms. Since Tw = N/Fs, if Fs,2 < Fs,1, then
Tw,2 > Tw,1. In figure 2, since the reporting trigger is shared by both PMUs, the ends of both
reported windows should correspond to the rising edge of the subPPS.

d.) Qualitatively, how does the frequency estimate f̂0 of PMU 1 compare to that of PMU 2?

Solution. PMU 2 has a lower sampling frequency (i.e., larger sampling time), so N = 600 samples
corresponds to a longer window in reference time which PMU 2 will interpret as a ”compressed
signal”, leading to the estimation of a higher fundemantal frequency than the reference. The phase
estimated by PMU 2 is also offset because the observed window starts at a different phase than in
PMU 1. While it is true that the observed window is no longer coherently sampled, the effects of
spectral leakage are likely handled by a special windowing function. However, even with a windowing
function, the estimated frequency would not be correct due to the issues described above.

e.) How can we correct for the error in PMU 2’s frequency estimation?

Solution. PMU 2 assumes that it has the correct 10 kHz sampling frequency and a window length of
60 ms when, in reality, both are off. While we likely cannot correct the true sampling frequency of
the device, we can account for this error in the IpDFT calculations that assume a frequency resolution
of ∆f = 1/Tw. By adjusting this value to reflect the true window length, the frequency estimation
will be correct.
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Figure 2: Comparison of reporting windows for PMUs 1 and 2 .
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PROBLEM 3 (WEIGHT: 30%)

QUESTION 1 (PER-UNIT AND ADMITTANCE MATRIX CALCULUS)

Transformers in Per-Unit System

Consider the power system shown in Fig. 1, which consists of a synchronous machine (SM), two transform-
ers (TF1 and TF2), a transmission line (TL), and a load (L). The transformers divide the system into three
subsystems. To solve the circuit in per-unit, Student A and Student B have to decide on base quantities for
each subsystem as indicated in Fig. 1.

TLTF1 TF2 LSM

12 1 2

Ab ,V b ,1 Ab ,V b,2 Ab ,V b,3Vb,1, Ab Vb,2, Ab Vb,3, Ab

ZSM = jXSM ZTF1 = jXTF1

P0 ≈ 0, I0 ≈ 0

V TF1
n,1 = 230 kV

V TF1
n,2 = 15 kV

ZTF2 = jXTF2

P0 ≈ 0, I0 ≈ 0

V TF2
n,1 = 220 kV

V TF2
n,2 = 20 kV

ZTL = jXTL SL = PL + jQL

1

Figure 1: Power system with two transformers.

For such nominal voltages of the transformers TF1 and TF2 (indicated in Fig. 1), Student A claims that it is
possible to set base voltages as Vb,1 “ V ‹

b,1, Vb,2 “ V ‹
b,2 and Vb,3 “ V ‹

b,3 such that the corresponding per-unit
equivalent circuits of transformers do not contain any shunts (i.e., they can be represented by simple models,
only by serial impedances zTF1 “ jxTF1 and zTF2 “ jxTF2), and therefore, proposes the complete per-unit
equivalent circuit of the power system as shown in Fig. 2:

vSM

jxSM jxTF1 jxTL jxTF2

vL

sL
1 2 3 4 5

Figure 2: Per-unit equivalent circuit.

However, Student B opposes and states that the equivalent circuit is incomplete and that at least one trans-
former’s model has to contain non-zero shunt elements for any choice of base voltages.
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Q1.1 Whose reasoning is correct? Tick one box (no penalty, but requires an explanation):

✓l Student A’s reasoning is correct.
Explain why and propose values for V ‹

b,1, V ‹
b,2 and V ‹

b,3.

l Student B’s reasoning is correct.
Explain why and propose any possible complete per-unit equivalent circuit according to Student B.

Answer:

Solution.

Student A’s reasoning is correct. To represent transformers with simple models that contain no shunts, the
necessary conditions are

Vb,1

Vb,2
“

V TF1
n,2

V TF1
n,1

and
Vb,2

Vb,3
“

V TF2
n,1

V TF2
n,2

, (1)

which is possible to satisfy. One solution is V ‹
b,1 “ 15 kV, V ‹

b,2 “ 230 kV and V ‹
b,3 “ 230

11 « 20.91 kV. Every
triplet pkV ‹

b,1, kV
‹
b,2, kV

‹
b,3q also satisfies (1), for any k P R`.

Q1.2 Derive the admittance matrix corresponding to the per-unit equivalent circuit in Fig. 2 (respect the
given numbering of buses).

Solution. The admittance matrix is as follows:

Y “

»

—

—

—

—

–

ySM ´ySM 0 0 0
´ySM ySM ` yTF1 ´yTF1 0 0
0 ´yTF1 yTF1 ` yTL ´yTL 0
0 0 ´yTL yTL ` yTF2 ´yTF2
0 0 0 ´yTF2 yTF2

fi

ffi

ffi

ffi

ffi

fl

, (2)

where yi “
1

jxi
, i P tSM,TF1,TL,TF2u.
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Q1.3 Reconstruction of the Admittance Matrix

Consider a generic electrical grid of N buses, N ě 2. The electrical grid is described by its nodal admittance
matrix Y expressed as

Y “ AJ
BYLAB ` YT , (3)

where AB denotes the branch incidence matrix, YL the primitive branch admittance matrix, and YT the
primitive shunt admittance matrix.

Is it possible to fully reconstruct the admittance matrix Y P CNˆN describing the grid (i.e., obtain all the
elements) by knowing only its diagonal elements Y 11, . . . , Y NN and

(a) YT ?

(b) YT and AB P RLˆN (L denotes number of lines)?

(c) (Bonus1) YT , AB P RLˆN and the grid is radial (i.e., without loops)?

Detail your reasoning.

Solution.

(a) It is possible only for N P t2, 3u.

Given the N diagonal elements, the number of unknowns is N2 ´ N . Since the matrix is symmetric,
finding N2´N

2 non-diagonal elements is sufficient. Knowing the primitive shunt admittance matrix,
YT , we can use N following equations used to express the diagonal elements:

Y kk “

N
ÿ

i“1,i‰k

p´Y ikq ` Y T ,kk, k “ 1, . . . , N. (4)

To be able to solve the system of N equations (4), the number of unknowns has to be less or equal to
the system order:

N2 ´ N

2
ď N pand N ě 2q (5)

which is valid only for N P t2, 3u.

(b) It is possible only if N ě L.

By knowing the incidence matrix AB, we infer that the number of lines is L which imposes L un-
known elements of the admittance matrix Y ij , i ą j above the main diagonal. Again, considering the
symmetry of the admittance matrix, the number of unknown elements is L. The same system of N
equations (4) can be solved if the number of unknowns is less or equal to its order, hence L ď N .

(c) (Bonus)

Yes, it is always possible.

This yields directly from (b). For a radial network, N “ L ` 1. Therefore, N “ L ` 1 ě L always
holds.

1You do not need to answer this question (c) to obtain the maximum score for Problem 3. If you answer correctly, it only
compensates for some points you may lose from this Problem 3 (the weight remains 30%).
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QUESTION 2 (LOAD FLOW ANALYSIS)

The Load Flow Problem consists of determining the operating conditions of an electrical network. As seen
during the lectures, for a network with N nodes, there are 4N variables (the active and reactive power
injections and the magnitude and angle of the nodal voltages). We can write 2N equations, meaning 2N
variables have to be fixed. These represent the external conditions of the network. The load flow equations
link the voltage phasors with the active/reactive power injections. Namely, for n P N , where N denotes the
set of all the nodes of the network.

sSn “ Pn ` jQn “ sEnIn “ sEn

ÿ

hPN
Y nhEh. (6)

In polar coordinates for the nodal voltages and Cartesian for the admittances

Pn “ En

ÿ

hPN
EhpGnh cospθnhq ` Bnh sinpθnhqq (7)

Qn “ En

ÿ

hPN
EhpGnh sinpθnhq ´ Bnh cospθnhqq (8)

where Pn, Qn refer to active and reactive powers, En, θn are the magnitude and phase of the voltage phasor
sEn “ Ene

jθn and θnh “ θn´θh. Typically, a system of nonlinear equations must be solved to determine all
the network variables. This can be done by an iterative procedure such as the Newton-Raphson method. Here
starting from an initial point ∆E0,∆θ0, at iteration k we compute the corrections in magnitude ∆E

pkq
n and

angle ∆θ
pkq
n . Using these corrections, we update the magnitudes and angles until convergence is achieved:

„

∆E
∆θ

ȷpkq

“

#

„

JPE JPθ

JQE JQθ

ȷpkq
+´1

ˆ

„

∆P
∆Q

ȷpkq

(9)

„

E
θ

ȷpk`1q

“

„

E
θ

ȷpkq

`

„

∆E
∆θ

ȷpkq

(10)

where ∆Epkq, ∆θpkq, ∆Ppkq, and ∆Qpkq are column vectors composed of the elements ∆E
pkq
n , ∆θ

pkq
n ,

∆P
pkq
n , and ∆Q

pkq
n , respectively.

Consider now the simple network given in Figure 3. This network is connected to the main grid at node 1.
Nodes 2 and 3 represent loads, while a synchronous generator is connected to node 4. The loads are specified
as pP2, Q2q and pP3, Q3q, while the synchronous generator delivers power at a fixed voltage pP4, V4q. The
admittance matrix of the network is presented in (11). Finally, the fixed variables in the network are given
in Table 1. Consider as base values Ab “ 1 GW and Vb “ 380 kV.

Table 1: Externally Specified Injections (Positive means power is injected in the grid).

Case P2 Q2 P3 Q3 P4 V4

A ´30 MW ´6 MVAr ´50 MW 8 MVAr 10 MW 380 kV

B ´30 MW 6 MVAr ´50 MW ´8 MVAr 10 MW 380 kV

Y “

»

—

—

–

G11 ` jB11 G12 ` jB12 0 ` j0 0 ` j0
G21 ` jB21 G22 ` jB22 G23 ` jB23 G24 ` jB24

0 ` j0 G32 ` jB32 G33 ` jB33 0 ` j0
0 ` j0 G42 ` jB42 0 ` j0 G44 ` jB44

fi

ffi

ffi

fl

(11)
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Figure 3: Simple Electric Network

Q2.1 Write the system of equations for solving the load flow problem of the network presented in Fig. 3.
The nodal voltages need to be presented in polar coordinates and the admittances need to be presented in
Cartesian coordinates. Be generic by using the elements of the nodal admittance matrix Y “ G ` jB
given by (11).

Solution. For each node, we can write the following equations:

• Node 1:

– V1 “ 380 kV “ 1 p.u.

– θ1 “ 0˝

• Node 2:

– P2 “ E2 ¨ pE1pG21 cospθ21q ` B21 sinpθ21qq ` E2G22 ` E3 ¨ pG23 cospθ23q ` B23 sinpθ23qq `

E4 ¨ pG24 cospθ24q ` B24 sinpθ24qqq

– Q2 “ E2 ¨ pE1pG21 sinpθ21q ´ B21 cospθ21qq ´ E2B22 ` E3 ¨ pG23 sinpθ23q ´ B23 cospθ23qq `

E4 ¨ pG24 sinpθ24q ´ B24 cospθ24qqq

• Node 3:

– P3 “ E3 ¨ pE2pG32 cospθ32q ` B32 sinpθ32qq ` E3G33q

– Q3 “ E3 ¨ pE2pG32 sinpθ32q ´ B32 cospθ32qq ´ E3B33q

• Node 4:

– P4 “ E4 ¨ pE2pG42 cospθ42q ` B42 sinpθ42qq ` E4G44q

– V4 “ 380 kV “ 1 p.u.
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In the Stott approximation, the following assumptions are considered:

• decoupling between the active power variables (i.e. voltage phases) and reactive powers (i.e. voltage
modules).

• Bil cospθilq « Bil since θil are small, i.e. cospθilq « 1

• Gil sinpθilq ăă Bil since the values of Gil are extremely small

• Qi ăă BiiV
2
i

• When computing the partial derivatives with respect to Ei, we assume Ej “ 1 as the voltage variations
are small.

Q2.2 Consider the following two Jacobian matrices, written in polar coordinates, which are used to solve
the load flow problem in polar coordinates. Which of these belongs to the original load flow equations and
which solves the approximated version obtained after the Stott approximation? Explain your reasoning.

J1 “

»

—

—

—

—

–

1.52 ´0.138 12.2 ´3.35 ´4.91
´0.237 0.137 ´3.35 3.35 0
´0.657 0 ´4.94 0 4.94
12.2 ´3.35 ´1.58 0.137 0.857

´3.34 3.33 0.237 ´0.237 0

fi

ffi

ffi

ffi

ffi

fl

(12)

J2 “

»

—

—

—

—

–

0 0 12.2 ´3.35 ´4.93
0 0 ´3.35 3.35 0
0 0 ´4.92 0 4.92

12.2 ´3.35 0 0 0
´3.35 3.35 0 0 0

fi

ffi

ffi

ffi

ffi

fl

(13)

Solution. The first Jacobian corresponds to the full load flow. The second is the Stott approximation. In this
approximation, the dependence of the voltage angles on the reactive power and of the voltage magnitudes
on the active power is neglected, thus making the corresponding terms in the Jacobian equal to zero.
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Q2.3 Consider the following figures showing the voltage for this network as computed for the two cases
specified in Table 1. Which plot corresponds to which case? Explain your reasoning.

Figure 4: Voltage Magnitudes and Phases Case 1.

Figure 5: Voltage Magnitudes and Phases Case 2.

Solution. This question can be answered by considering the reactive power injections. Reactive power
injections will lead to increased nodal voltages due to the voltage drop occurring between the node injecting
and nodes with a fixed reference voltage. Node three, in particular, allows us to see that the first case
corresponds to the values from case A, with a significant voltage increase in the first case associated with a
high reactive injection, as opposed to a voltage drop in the case of reactive power consumption.
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QUESTION 3 (STATE ESTIMATION)

Consider the electric grid shown in Fig. 6, which is described by I “ Y ˆ V, where the admittance matrix
Y is defined by (14). The slack node has already been removed.

B1 B2 B3

B4

B5

y12 y23

y34

y35
y25

Figure 6: The considered electrical network.

Y “

»

—

—

—

—

–

7.05 ´ j3.09 ´7.05 ` j3.09 0.00 0.00 0.00
´7.05 ` j3.09 22.75 ´ j9.35 ´1.61 ` j0.07 0.00 ´14.09 ` j6.19

0.00 ´1.61 ` j0.07 14.94 ´ j2.22 ´6.66 ` j1.07 ´6.66 ` j1.07
0.00 0.00 ´6.66 ` j1.07 6.66 ´ j1.07 0.00
0.00 ´14.09 ` j6.19 ´6.66 ` j1.07 0.00 20.76 ´ j7.2

fi

ffi

ffi

ffi

ffi

fl

p.u.

(14)

A linear state estimator needs to be developed for this system. Let rV and rI be the vectors of the measured
nodal voltage phasors and injected current phasors, respectively. The measurement model at time step t is
of the following form:

zt “ Hxt ` vt, (15)

where vt represents the measurement noise at time step t. The noise is assumed to be white with a normal
probability distribution. The measurement vector z and the state vector x are formulated in rectangular
coordinates. Namely

z “

„

zI
zV

ȷ

, with zV “

«

ℑt rVu

ℜt rVu

ff

, zI “

«

ℑtrIu

ℜtrIu

ff

(16)

H “

„

HI

HV

ȷ

(17)

x “

„

ℜtVu

ℑtVu

ȷ

(18)
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Q3.1 Suppose that the slack node has already been removed and the measurement model H is the follow-
ing equation (19).

H “

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

0 0 1.07 ´1.07 0 0 0 ´6.66 6.66 0
0 6.19 1.07 0 ´7.20 0 ´14.09 ´6.66 0 20.76
0 0.07 ´2.22 1.07 1.07 0 ´1.61 14.94 ´6.66 ´6.66
0 0 ´6.66 6.66 0 0 0 ´1.07 1.07 0
0 ´14.09 ´6.66 0 20.76 0 ´6.19 ´1.07 0 7.20
0 ´1.61 14.94 ´6.66 ´6.66 0 ´0.07 2.22 ´1.07 ´1.07
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

p.u. (19)

What are the measured quantities and where are they measured? Write down the measurement vector z.

Solution.

We can use the location of the non-zero elements of the Y “ G` jB admittance matrix to find the position
of the current measurement devices. Since

HI “

„

Bil Gil

Gil ´Bil

ȷ

, (20)

we see that the 1st row of (19) corresponds to the 4th row of (14) and thus to a real part of a current
measurement in node B4. Following the same analogy, the 2nd and 3th row corresponds to the real current
measurement in node B5 and B3 respectively. The 4th, 5th and 6th row represent the imaginary part of the
currents in B4, B5 and B3. Therefore, we can conclude that the current measurement vector is:

zI “

”

ℑtrI4u ℑtrI5u ℑtrI3u ℜtrI4u ℜtrI5u ℜtrI3u

ıJ

(21)

The location of the real and imaginary voltage measurements can be easily read from the measurement
matrix by observing the non-zero elements:

zV “

”

ℑt rV1u ℑt rV3u ℑt rV5u ℜt rV1u ℜt rV3u ℜt rV5u

ıJ

(22)

The measurement vector becomes:

z “

”

ℑtrI4u ℑtrI5u ℑtrI3u ℜtrI4u ℜtrI5u ℜtrI3u ℑt rV1u ℑt rV3u ℑt rV5u ℜt rV1u ℜt rV3u ℜt rV5u

ıJ

(23)

Q3.2 Does the present placement of measurements guarantee that the network is observable? Explain
why. If the network is not observable, propose an extended set of PMU measurements that satisfies the
necessary observability criteria.

Solution. The system is observable if H is full column rank (i.e. rankpHq “ #col “ 10). The matrix
H has 12 rows and the columns are linearly independent. Therefore, the present measurement placement
guarantees observability.
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EXAM SMART GRID TECHNOLOGIES 2023 (Total Duration: 3 hours)
With Solutions

PROBLEM 4 (WEIGHT: 28%)

QUESTION 1

Consider the grid in Figure 1. Bus 1 is the slack bus (V, θ bus). There is one generator at bus 1 and one at
bus 2, with active power injections g1 ≥ 0, g2 ≥ 0. The maximum possible value of g1 [resp. g2] is gMAX

1

[resp. gMAX
2 ]. There is one load at bus 3, with active power consumption ℓ3 ≥ 0. The maximum generator

active powers, the generation costs, the maximum branch power flows and the line admittances are indicated
in the figure. All values are in per unit. The shunt admittances bi,0 (admittances between bus and ground)
are assumed to be equal to 0.

1. We assume in this item that the value of ℓ3 = 0.12 p.u. is known. We want to set the generation active
powers g1, g2 in order to minimize the total cost of generation.

(a) Determine the optimal values of g1, g2 obtained with the DC-approximation. Note: we don’t
need to compute the voltage angles now.

Solution. With the DC approximation there is no active power loss, so the power balance equa-
tions give

g1 + g2 = ℓ3

the branch power constraints are much larger than the total maximum generation of both G1 and
G2 so they are never constraining. Therefore, we obtain the optimization problem:

min 2g1 + g2 over g1, g2
s.c. g1 + g2 = 0.12

0 ≤ g1 ≤ 0.3

0 ≤ g2 ≤ 0.1

We can eliminate one of the variables because of the equality constraint. Let us eliminate g1 by
using g1 = 0.12− g2. We obtain the equivalent problem:

min (2(0.12− g2) + g2) over g2
s.c. 0 ≤ 0.12− g2 ≤ 0.3

0 ≤ g2 ≤ 0.1

which is equivalent to

min(0.24− g2) over g2
s.c. −0.18 ≤ g2 ≤ 0.12

0 ≤ g2 ≤ 0.1

1



which is equivalent to

min(0.24− g2) over g2
s.c. 0 ≤ g2 ≤ 0.1

and the optimum is for g2 = 0.1, hence g1 = 0.02.

(b) Let Pij be the active branch power flowing from bus i to bus j, seen at bus i, predicted by the DC
approximation at this optimal solution. Also, let θi be the voltage angle at bus i. Compute the
voltage angles, in mrad, predicted by the DC approximation (recall that g1, g2 have the values
obtained in the previous question). Say in which direction active power flows on the line 1− 2,
according to the DC approximation.

Solution.
The voltage angles are θ1 = 0, θ2, θ3. We have B12 = B13 = 1 and B23 = 2, thus the DC load
flow equations give

P12 = −θ2

P13 = −θ3

P23 = 2(θ2 − θ3)

The DC power balance equations at all buses give

P12 + P13 = g1 = 0.02

P21 + P23 = g2 = 0.1

P32 + P31 = ℓ3 = −g1 − g2

Note that the last equation above is redundant and we ignore it in the rest. Replacing Pij by their
expressions in function of the angles in the previous equations give:

−θ2 − θ3 = 0.02

3θ2 − 2θ3 = 0.1

This is a system of two equations with two unknowns, which we can solve and obtain:

θ2 = 0.012

θ3 = −0.032

The above values are in radians, i.e., θ2 = 12mrad et θ3 = −32mrad. The complex voltages
predicted by the DC approximation are

v1 = 1, v2 = 1 + 0.012j, v3 = 1− 0.032j

A correct answer is also
v1 = 1, v2 = e0.012j , v3 = e−0.032j

since the DC approximation relies on the approximation ejθ ≈ 1 + jθ. Recall that the DC
approximation assumes that voltage magnitudes are equal to 1.
Since θ2 > 0, we have P12 < 0, i.e., the active power flows from bus 2 to bus 1 on the line 1−2.

(c) Since the optimal values in the previous question were found using an approximation, the real
values of power flows will be different. In this item we assume that ℓ3 has the same value as in
the previous question, and we set g2 to the optimal value found earlier. Since bus 1 is the slack
bus, it ensures the balance of active and reactive power. It follows that the true value of active
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power generated by G1 will not be equal to the value of g1 found in the previous question but
will be equal to the value required by power balance. Let g∗1 be this value. Also let P ∗

ij be the
resulting true value of the active power flowing on the branch from bus i to bus j, seen at bus i.
Say what is true in the table below. There is exactly one correct answer per column. Give your
answer in the table by putting 4 in the correct box.

The usual rules of quizzes apply: (i) if you cross the correct box in one column, you obtain the
full score for this column; (ii) if you cross zero or more than one box in one column, your score
is 0 for this column; (iii) if you cross exactly one box in one column and it is incorrect your score
for this column is negative, namely a penalty equal to half the score.

□✗ |P23 + P32| < |P ∗
23 + P ∗

32| □ P32 < P ∗
32 □✗ g1 < g∗1

□ |P23 + P32| = |P ∗
23 + P ∗

32| □ P32 = P ∗
32 □ g1 = g∗1

□ |P23 + P32| > |P ∗
23 + P ∗

32| □ P32 > P ∗
32 □ g1 > g∗1

Solution. P23+P32 is the active power loss in the line 2–3, which is 0 for the DC approximation
and is non zero for the true value P ∗

23 + P ∗
32.

There was a bug in the second column. One of the three answers is correct, but obtaining the
correct answer requires solving a load-flow problem. As the complexity of solving this question
is higher than expected, the second column was not graded.
g∗1 + g2 = ℓ3+true power loss on all lines whereas g1 + g2 = ℓ3 hence g∗1 > g1.

2. We now assume that the load active power consumption ℓ3 is uncertain, but we have a forecast ℓ03 with
some prediction uncertainty ∆, i.e. we assume that

ℓ03 −∆ ≤ ℓ3 ≤ ℓ03 +∆

where 0 ≤ ∆ ≤ ℓ03.

We want to fix in advance a value of g2 by minimizing the expected cost of generation, which is
the cost obtained when we assume that the load ℓ3 is equal to ℓ03. In this question, we use the DC
approximation. Write a linear programming problem to solve this problem. Your linear programming
problem should not contain the quantifier ∀ in the constraints.

Numerical application: for the values shown on Figure 1, when ℓ03 = 0.12 p.u., for which values of ∆
is the problem feasible ?

Solution. The expected cost is c1g1 + c2g2 computed when we assume that ℓ3 = ℓ03, i.e. g1 =
−g2 + ℓ03. Thus the expected cost is

−c1g2 + c1ℓ
0
3 + c2g2 = (c2 − c1)g2 + c1ℓ

0
3 = 2ℓ03 − g2 (1)

As before, given the values of gMAX
1 and gMAX

2 , we can ignore constraints on branch power flows, i.e.
the constraints are

0 ≤ g1 ≤ gMAX
1

0 ≤ g2 ≤ gMAX
2

If we choose g2 then
g1 = −g2 + ℓ3
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and the constraints become

0 ≤ −g2 + ℓ3 ≤ gMAX
1 , ∀ℓ3 s.t. ℓ03 −∆ ≤ ℓ3 ≤ ℓ03 +∆ (2)

0 ≤ g2 ≤ gMAX
2 (3)

(2) is equivalent to
g2 ≤ ℓ3,∀ℓ3 s.t. ℓ03 −∆ ≤ ℓ3 ≤ ℓ03 +∆ (4)

and
g2 ≥ ℓ3 − gMAX

1 ,∀ℓ3 s.t. ℓ03 −∆ ≤ ℓ3 ≤ ℓ03 +∆ (5)

(4) is equivalent to

g2 ≤ min ℓ3 over ℓ3 s.t. ℓ03 −∆ ≤ ℓ3 ≤ ℓ03 +∆ (6)

g2 ≤ ℓ03 −∆ (7)

(5) is equivalent to

g2 ≥ max
(
ℓ3 − gMAX

1

)
over ℓ3 s.t. ℓ03 −∆ ≤ ℓ3 ≤ ℓ03 +∆ (8)

g2 ≥ ℓ03 +∆− gMAX
1 (9)

thus (2) is equivalent to
ℓ03 +∆− gMAX

1 ≤ g2 ≤ ℓ03 −∆

Putting things together, we obtain the optimization problem:

min
(
2ℓ03 − g2

)
over g2 s. c. ℓ03 +∆− gMAX

1 ≤ g2 ≤ ℓ03 −∆

0 ≤ g2 ≤ gMAX
2

Numerical Application: the problem becomes

min
(
2ℓ03 − g2

)
over g2 s. c.

− 0.18 + ∆ ≤ g2 ≤ 0.12−∆

0 ≤ g2 ≤ 0.1

i.e. the constraints are

g2 ≥ −0.18 + ∆

g2 ≥ 0

g2 ≤ 0.12−∆

g2 ≤ 0.1 (d)

which is equivalent to

g2 ≥ max(−0.18 + ∆, 0)

g2 ≤ min(0.12−∆, 0.1)

The problem is feasible if and only if

L(∆)
def
= max(−0.18 + ∆, 0) ≤ min(0.12−∆, 0.1)

def
= U(∆)

We plot L(∆) and U(∆) and see that L(∆) ≤ U(∆) if and only if ∆ ≤ 0.12.
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In summary, the problem is feasible if and only if 0 ≤ ∆ ≤ 0.12.
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QUESTION 3

The gridSteer system manages a home system made of a boiler with a heat pump, a photovoltaic (PV) roof, 
and a set of other loads. The connection to the main grid can be used either to import or to export energy. 
The cost of imported energy and the payment for exported energy are time-dependent but are known in 
advance. The goal of the gridSteer system is to decide, at every discrete time t, which amount of energy 
should be bought from / sold to the main grid and which amount should be used to heat water in the boiler.

Notation:

• ut ≥ 0: energy spent to increase the temperature of the boiler during time slot t; we must have
umin ≤ ut ≤ umax where umin and umax are positive constants.

• Tt: internal temperature of the boiler;
• dt ≥ 0: heat drawn from the boiler by the home occupants;
• vt: energy drawn from the main grid; vt can be ≥ 0 (net consumption) or ≤ 0 (net production); we

must have vmin ≤ vt ≤ vmax where vmin < 0 < vmax are constants.
• ℓt ≥ 0: energy consumed by the other loads;
• gt ≥ 0: energy produced by the photovoltaic roof.
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We ignore grid losses, so that

vt + gt = ut + ℓt

The temperature of the boiler is given by the following dynamic model

Tt+1 = Tt + ηut − dt

where η is the coefficient of efficiency of the combined heat pump / boiler system.

The boiler temperature should ideally lie in the range [Tmin, Tmax]. To reach this goal, gridSteer uses the
penalty function

φ(T ) =


−T + Tmin if T ≤ Tmin

0 if Tmin ≤ T ≤ Tmax

T − Tmax if T ≥ Tmax

The price of imported energy is αt and the revenue per unit of exported energy is βt, with 0 < β < α
(because of grid taxes). Thus, when the home exports energy to the main grid (vt < 0), it receives a
payment of −βtvt; when it consumes energy from the main grid (vt > 0), it pays αtvt.

1. Write the function φ() as a maximum of linear functions.

Solution. By inspection we find that

φ(T ) = max
(
−T + Tmin, 0, T − Tmax

)
2. The cost of energy exchange with the main grid is:

ct(v) =

{
βtv if v ≤ 0 (energy is exported, cost is negative)
αtv if v ≥ 0 (energy is imported, cost is positive)

(19)

For every fixed value of t, write the function ct() as a maximum of linear functions.

Solution. We can verify that
ct(v) = max (βtv, αtv) (20)

Indeed, αt > βt > 0 hence:

• if v ≤ 0, αtv ≤ βtv and the right-handside of (20) is βtv, i.e. is equal to ct(v) as given by (19);
• if v ≥ 0, αtv ≥ βtv and the right-handside of (20) is αtv, i.e. is equal to ct(v) as given by (19).

3. gridSteer uses an MPC with horizon equal to H time steps in order to set the value of ut, starting
from a known value Tt of the state of the boiler. For this MPC, we assume that gridSteer has forecasts
ℓ̂t:t+H−1, ĝt:t+H−1 and d̂t:t+H−1 of the load, the PV generations and the extraction of heat from the
boiler. The cost function minimized by the MPC at time step s is φ(Ts+1) + cs(vs). Write a linear
formulation of this MPC.

Solution. The MPC assumes that Tt is known and solves the optimization problem

min

t+H−1∑
s=t

(φ(Ts+1) + ct(vs))

over ut:t+H−1, vt:t+H−1, Tt+1,t+H

s. c. vs + ĝs = us + ℓ̂s for s = t : t+H − 1

Ts+1 = Ts + ηus − d̂s for s = t : t+H − 1

umin ≤ us ≤ umax for s = t : t+H − 1

vmin ≤ vs ≤ vmax for s = t : t+H − 1
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Note that in this optimization problem the initial state Tt is given. Then gridSteer implements ut and
vt.

This is not a linear formulation because of the functions φ() and ct(). But using the results from the
previous two questions and the max-removal transformation, we obtain the following linear MPC:

min
t+H−1∑
s=t

(εs+1 + ξs)

over ut:t+H−1, vt:t+H−1, Tt+1,t+H , εt+1:t+H , ξt:t+H−1

s. c. εs ≥ −Ts + Tmin for s = t+ 1 : t+H

εs ≥ 0 for s = t+ 1 : t+H

εs ≥ Ts − Tmax for s = t+ 1 : t+H

ξs ≥ αsvs for s = t : t+H − 1

ξs ≥ βsvs for s = t : t+H − 1

vs + ĝs = us + ℓ̂s for s = t : t+H − 1

Ts+1 = Ts + ηus − d̂s for s = t : t+H − 1

umin ≤ us ≤ umax for s = t : t+H − 1

vmin ≤ vs ≤ vmax for s = t : t+H − 1
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SMART GRID TECHNOLOGIES EXAM - PB4
FIGURES

For your convenience, you can separate this sheet from the main document. Do not write your solution on
this sheet, use only the main document. Do not return this sheet.
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Figure 1: The grid used in Question 1.
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